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1. INTRODUCTION 
The theory of saturated formations, introduced by Gaschiitz [6], is now a 
well-established part of the theory of finite soluble groups and in the past few 
years there have been several successful attempts to obtain a similar theory 
in various classes of locally finite groups. In particular, extensions of the 
theory have been obtained by Stonehewer [ 191 to the class of locally finite- 
soluble groups with Hirsch-Plotkin radical of finite index and by Tomkinson 
[20] to the class of locally finite-soluble FC-groups. Most of the previous 
work was unified by Gardiner, Hartley and Tomkinson [5], who introduced 
a class U of locally finite-soluble groups. This work covered all previous 
theories except the case of the X-groups. This omission was remedied by 
Klimowicz [ 121 who showed that provided there was a “good” Sylow 
structure and a “well-behaved” group of automorphisms permuting the 
Sylow structure transitively then a theory of saturated formations could 
always be established. 
Parker [ 171 established a theory of formations in the class of cotinite 
groups in which the finite factor groups are soluble. His results were applied 
to the class of countable, locally finite-soluble groups with finite Sylow p- 
subgroups, for all primes p, although several topological restrictions were 
required. 
It is the aim of this paper to show that the class 3 of countable locally 
finite-soluble groups satisfying min-p for all primes p can also be considered 
from the formation theoretic viewpoint. 
It will be convenient for us to consider the class of all locally finite-soluble 
groups satisfying min-p for all primes p, and we shall denote this class by g. 
Thus groups in the class g are constrained by the structure theorem to be 
found in [ 11, 3.17 and 3.181. Moreover, each finitely generated subgroup is 
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finite and soluble and each p-subgroup is a Cernikov group for each prime p 
(see [ 11, 1 .G.4]). 
If G is a group and 7~ is a set of primes, the maximal rr-subgroups of G 
will be called Sylow x-subgroups and the set of all such subgroups will be 
denoted by Syl, G. A complete set {S,} of Sylow p-subgroups, one for each 
prime p, satisfying the condition S,S, = S,S, for all primes p, q will be 
called a Sylow basis of G. If, furthermore, (S,: p E n) E Syl, G for each set 
of primes rt’, then {S,} will be called a Sylow generating basis of G. Thus 
every countable locally finite-soluble group possesses Sylow generating bases 
[ 10, Lemma 2.11 and in [2] we showed that the Sylow generating bases of an 
X-group are locally conjugate. Further information about the class ?,I can be 
found in [ 1, 14-161. In Section 2 we give some results on the Sylow theory 
for VJ-groups. 
We shall use the notation and terminology of group theoretic classes and 
closure operations, introduced by Hall [S]. Our group-theoretic notation is 
generally standard. 
We shall now briefly discuss the notation and terminology of formation 
theory. If n is a set of primes, and 3 is a QS-closed subclass of X, we shall 
let f denote a s-preformation function defined on rr (see [5 1) which 
associates with each p E 7c a (3,p)-preformation f(p). The saturated 3- 
formation defined locally by f is then 
5 = 5(f) = 3 n 6, n Cl G,,G,~(P), 
Pen 
where G, denotes the class of locally finite-soluble n-groups. 
If iJ is any class of groups, an iJ-projector of a group G is an S-subgroup 
E of G such that, whenever E < H < G, K 4 H and H/K E 5, then H = KE. 
In Section 3 we prove our main result concerning the existence of iJ- 
projectors of an X-group G, when 5 is a saturated s-formation. We also 
show that the &projectors satisfy a certain local conjugacy property. 
However, in Section 4 an example is given to show that the projectors are 
not in general conjugate under any subgroup of the automorphism group of 
the group. Section 4 also contains concluding remarks concerning the 
traditional approach to formation theory via the ?$normalizers. 
2. SYLOW THEORY 
In this section we shall give some perhaps well-known results in the Sylow 
theory of ‘I)-groups. Further results can be found in [3]. From the structure 
theorems for g-groups, mentioned in the Introduction, it is easy to show 
that, for each finite set of primes Z, the Sylow n-subgroups (and, respectively, 
the Sylow $-subgroups) of a g-group are conjugate. That this statement 
does not hold for arbitrary sets of primes has been shown in [3,4.13]. 
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If G E 9, the results of Massey [ 16, Theorem 1.11 show that for each set 
of primes 71, G contains a countable n-subgroup B with the property that 
Syl, B E Syl, G for all primes p E Z. Such a subgroup will be called a basic 
n-subgroup of G, and the set of all basic ;rr-subgroups of G will be denoted by 
Basic, G. In particular, when 71 is the set of all primes, we shall refer to basic 
subgroups and the set Basic G. It is straightforward to show that a Sylow 
basis of a basic subgroup is a Sylow basis of the whole group. Massey has 
shown that the basic 7rsubgroups of a g-group are isomorphic and have a 
certain local conjugacy property. We give an alternative proof of these facts 
later. 
We start with the following useful result. 
2.1. LEMMA. Suppose G E ‘2) and z is a finite set of primes. If N (I G 
and S E Syl, G, then SN/N E Syl, G/N and all the Sylow z-subgroups of 
G/N have this form. 
The straightforward proof of this fact follows from the conjugacy results 
stated above and an application of [9, Lemma 2.11. 
2.2. LEMMA. Let G E 9J and 7c be a finite set of primes. If S E Syl, G 
and TESyl,,G then G=ST. 
Proof. Let N = O,,(G), the largest normal &subgroup of G. By 
Lemma 2.1, SN/N E Syl, G/N and clearly, TINE Sylx, GIN. Since n is a 
finite set of primes, G/N is a Cernikov group and it follows that G/N = 
WINWW I-I ence G = ST as required. 
The following well known fact can be deduced. 
2.3. COROLLARY. Suppose G E 9 and 71 is a finite set of primes. If 
S E Syl,, G and N a G, then SN/N E Syl,, GIN and all the Sylow 7c’- 
subgroups of G/N have this form. 
Unfortunately, the above results do not hold for arbitrary sets of primes, 
even in the class of metabelian X-groups. For example, let pi, qi be distinct 
odd primes with pi- 1 (mod qi). By a theorem of Dirichlet, there are 
infinitely many such pairs of primes. Let Ai be a group of order pi and B, a 
group of order qi and form the split extension A i ] Bi. Let A = Dr,, 1 A i, B = 
Dr,, , B, and H = A ] B. Let y be the automorphism of H which inverts A 
and centralizes B. Put G = A ] {B, y). It is shown in [3,4.13] that if 
a E Cr,>, A,\A, then B* E Syl, G where rc = {2, ql, q2 ,... }. However 
AB = AB”, so G # AB”. Also A (I G, but AB”/A & Sylx G/A. This example 
also shows that Syl, G Z$ Basic, G and so answers in the negative a question 
of Massey [ 14, p. 991. 
Our next result gives conditions for a rc-subgroup to be a basic n-subgroup 
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and gives an affirmative answer to a question of Massey 114, p. 92, 
problem III], at least for X-groups. 
2.4. LEMMA. Let GE g and suppose G = ST with S E Syl, G and 
T E Syl,, G, for some set of primes 71. If o E 71 is a finite set of primes and 
P E Syl, S, then P E Syl,, G. 
Proof. Suppose first that T u G and P < Q E Syl, G. By Lemma 2.1, 
PT/T E Syl, G/T and hence PT = QT. Thus P = Q by the modular law. 
For the general case, note that G/O,(G) is a Cernikov group. By 
Lemma 2.1, PO,,(G)/O,,(G) E Syl,(SO,,(G)/O,(G)). Since the result holds 
for Cernikov groups, it follows that if P < Q E Syl, G, then PO,,(G) = 
QO,,(G) and hence P = Q as above. This establishes the result. 
2.5. LEMMA. Suppose G E ?J and N a G. Let S = (S,} be a Sylow basis 
of G. Then SNfN = {S, N/N} is a Sylow basis of G/N. 
The proof of this result follows easily from Lemma 2.1 and is omitted. 
If S = {S,} is a Sylow (generating) basis of a group G and H < G, then S 
is said to reduce into H if S n H = {S, f7 H} is a Sylow (generating) basis of 
H. A Sylow basis T = (T,} of H is said to extend to a Sylow basis S = (S,} 
of G if S, n H = T, for all primes p and we then write S n H = T. It is often 
important to know whether one can extend a Sylow basis of a subgroup to a 
Sylow basis of the whole group. Unfortunately, for X groups, this is not 
always the case as a consideration of the example given after Corollary 2.3 
shows. For example, the Sylow basis of B” cannot be extended to a Sylow 
basis of G, in that example. However, there is an important case when Sylow 
bases can be extended. 
2.6. LEMMA. Let G E ‘I, and suppose H < G is a cernikov group. Then 
every Sylow basis of H extends to a Sylow basis of G. 
Prooj Since H is a Cernikov group, there is a basic subgroup K of G 
containing it. Let a= (Ki: i > 1 } be a totally ordered local system of 
Cernikov groups of K and suppose K, = H. Since we can extend Sylow bases 
of a soluble Cernikov group, the argument of [ 10, Lemma 2.11 enables one 
to construct a Sylow generating basis of K which reduces into each Ki. In 
particular, this Sylow basis (which is also a Sylow basis of G) reduces into 
H and the result follows. 
3. ~-PROJECTORS 
In this section we shall show that provided the saturated formation 3 
satisfies certain conditions every 3-group possesses s-projectors. The 
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conditions seen hard to remove because they restrict our attention to the 
cases when 5 consists solely of co-Hopfian s-groups. We also obtain a 
certain local conjugacy property for the &projectors, which seems to occur 
repeatedly for g-groups. 
We shall repeatedly use the following two results, the first of which is 
obvious. A proof of the second can be found in 15, Lemma 5.31. 
3.1. LEMMA. Suppose G is a group, 3 is any Q-closed class and L is a 
B-projector of G. 
(i) If L < H < G, then L is a B-projector of H. 
(ii) IfN a G, then LN/N is a B-projector of G/N. 
3.2. LEMMA. Let G be a group, a any Q-closed class and N a G. If 
M/N is a ID-projector of G/N and L is a ID-projector of M, then L is a a- 
projector of G. 
We shall also require the following lemma. We now let rc be the fixed set 
of primes associated with the saturated formation 5 = G, n 3 n 
npclr %G,f(P)* 
3.3. LEMMA. Suppose G E 3, N 4 G and G/N E 5. Suppose u s TI is a 
finite set of primes and N is a o-group. If S E Syl,G and G has 5- 
projectors, then there exists an S-projector of G containing S. 
Proof. If E is an &projector of G, then G = EN and hence a Sylow u- 
subgroup of E is a Sylow u-subgroup of G, by Lemma 2.4, since N is a u’- 
group. Since o is finite, it follows that there exists g E G such that 
Sg-’ GE. 
Hence S < Eg, which is clearly an S-projector of G. The result follows. 
We define a class a to be co-Hopfian if every D-group is co-Hopfian (so, 
no B-group contains a proper subgroup isomorphic to itself). Our method 
for showing that &projectors exist consists of descending a certain series, 
keeping a check on various groups that occur. 
3.4. THEOREM. Let G E 3 and suppose 5 is a saturated 3-formation. If 
5 is co-Hopfian, then G possesses $-projectors. 
Proof. Let {pl,pz,...} be the set of all primes. Let rr,,, = {~~,...,p,,,+~} 
and G, = O,&(G). Then G/G,,, is a soluble Cernikov group for all m > 1. 
Suppose that 
L,>L,>L,>*** >L, 
is a chain of subgroups with the properties: 
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(i) L,/G, is an B-projector of G/G,,, (m = l,..., n). 
(ii) {S, ,..., S,} is a fixed “partial” Sylow basis of L, (1 < m < n) 
with S, E Sylpm L, for m = l,..., n. (In other words, {S, ,..., S,} can be 
extended to a Sylow basis of L,.) 
We now construct a subgroup L, + 1 with properties (i) and (ii) as follows. 
By (i), L,/G, E 5 and L,/G,, , is a Cernikov group. Let a = 7c,. By choice 
~fGn~G,lGrt,, is a u’-group. Since (Si,..., S,) is a eernikov group, we can 
extend {S I ,..., S,} to a Sylow basis of L, (by Lemma 2.6). Let S,, i be the 
SYlOW Pn+, -subgroup in this basis. Since u is finite, (S, , S, ,..., S, + ,) E 
Syl,L, and hence, by Lemma2.1, (S, ,..., Sn+i)Gn+,/Gn+, E Syl,L,/G,+,. 
Since L,/G, + , is a cernikov group, it possesses B-projectors (see, for 
example, [5]) and it follows from Lemma 3.3 that there exists an B-projector 
L,,+,/G,,+, of L,/G,,, with the property that 
(S lY..~S”+l)<L+,. 
Also S,,, E Syl,,,+,L, implies S,,+i E Sylpn+,L,+i so (ii) is satisfied for 
the subgroup L,, 1. It follows from Lemma 3.2 that L,, ,/G,+ , is an g- 
projector of G/G,, i, so L,, 1 satisfies (i). Since L, can be constructed in 
this manner, we can inductively construct a descending chain of subgroups 
{Li} with properties (i) and (ii). 
Put 
L= n L,. 
ma] 
We shall show that L is an S-projector of G. First note that if p E 71, then 
p =p, for some n and for all m > n, S, E Syl,” L, by construction. Since 6, 
is an G-formation and n,, i G, = 1, L E 6, n 3. 
L,G,/G, is an &projector of G/G, by the homomorphism invariance of 
g-projectors and is contained in the S-group L,/G,. So we must have 
equality and L, = L,G,, for all m > n. 
If m > n, then S, E SylDm L, and so S,G,/G, is a Sylow p,-subgroup of 
L,G,/G, = L,/G,. If m < n, then S, E SylpmL, and so S,G,/G, is again a 
Sylow p,-subgroup of L,/G,. Since G/G, is a Cernikov group, we have 
L/G, = ~SntG,lG,; m = 1,2,...) < LG,/G,. 
But the reverse inequality is clear and so L, = LG,, for all n. It now follows 
that L E 5 since 5 is a formation. 
Suppose now that H/K E 3 with K u H < G and L < H. Then for each n, 
HG,/KG, E 5 since 5 is Q-closed and 
LG,/G, = LJG, < HGJG,. 
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Thus LKG, = HG,, for all n. Let X, E Syl, LK and let HP be a Sylow p- 
subgroup of H containing X,. Then for each n, X,G, = H, G,. But there is 
an integer n, depending on p, such that G, is a p’-group and so X0, 
HP E Syl,(X,,G,). Hence X, = H, E Syl,H and so LK E Basic H. Thus 
LK/K E Basic H/K and since 5 is co-Hopfian, LK = H. Thus L is an 5- 
projector of G and the proof is complete. 
If the upper locally nilpotent series of a group terminates in the group 
itself, then we shall call the group a radical group. 
3.5. COROLLARY. Suppose G E 3 is a radical group. Then G possesses 
&projectors for each saturated formation iJ. 
This follows because every radical X-group is co-Hopfian (see Baer ( 1 I). 
We can also obtain projectors for various non-co-Hopfian classes. 
3.6. LEMMA. Let G E ‘1, and (J a set ofprimes. Suppose S is a o-group, 
T is a o’-group and G = ST. Then S is an GO-projector of G. 
Proof Suppose K a H < G, H/K E G, and S < H. Then 
H=HnST=S(HnT). 
Since T is a a’-group and H/K E 6,, it follows that H n T < K and so 
H = SK. Thus S is an G,-projector of G as required. 
The existence of Sylow generating bases now gives: 
3.7. THEOREM. Suppose G E 3. Then G possesses E5v-projectors for each 
set of primes 0. 
We have shown in [3] that the generalized g-projectors of Parker [ 171 are 
precisely the s-projectors defined here when iJ is a co-Hoplian X-formation. 
We note also that the example following Corollary 2.3 shows that 
Tomkinson’s approach to the existence of projectors in K-groups 120, 
Theorem 7.61 will not work in the class 3, without the modification indicated 
in Theorem 3.4. Full details of this appear in [ 3 1. One wonders also whether 
the co-Hopficity of 5 or the countability restriction on X-groups are 
necessary. 
Having obtained the existence of &projectors we now examine what sort 
of conjugacy properties they have. In Section 4, we give an example to show 
that even the L’Rprojectors are not locally conjugate. Instead we obtain a 
different conjugacy property, which seems to occur repeatedly in g-groups. 
We say that two subgroups H, K of a group G are a-conjugate if 
(i) Each Sylow o-subgroup of H is conjugate (in G) to some Sylow o- 
subgroup of K. 
(ii) HgK. 
FORMATIONS IN LOCALLY FINITE GROUPS 199 
If H and K are a-conjugate for each finite set of primes u, we shall say 
that H and K are finitely conjugate. We shall show that if G E 3 and H, K 
are &projectors of G, then H and K are finitely conjugate. 
3.8. LEMMA. Suppose G E 3 and 5 is a saturated J-formation. Suppose 
H, K are &projectors of G. If o is a finite set of primes, then the Sylow o- 
subgroups of H and K are conjugate, in G. 
Proof. Let H, E Syl, H and K, E Syl, K. Put N = O,(G). Then G/N is 
a Cernikov group and (the Sylow u-subgroups of) its &projectors are 
therefore conjugate (for example, see [S, Theorem 5.41). By Lemma 3.l(ii) 
therefore, there exists g E G such that 
Hg,N = K,N. 
Thus Ht, K, E Syl,(K,N). Since (T is a finite set, there exists h E K,N such 
that Hth = K, and this proves the result. 
Our next result can be deduced directly from Massey [ 15, Theorem A ]. 
However, we give a different proof because it gives another use of the coset 
topology, introduced in [4] and also provides a different proof of the local 
conjugacy of the Sylow generating bases in X-groups. 
We recall from [4] that a Cernikov group has a natural topology which 
has as a closed subbase the set of all cosets of subgroups of the group. This 
topology is called the coset topology. It was shown in 141 that the set of 
cosets is actually a basis for the topology and that the coset topology is a 
compact, T,-topology. Also homomorphisms between Cernikov groups with 
the coset topology are closed, continuous maps. 
3.9. THEOREM. Let G be a periodic group possessing subgroups E E X 
and FE ‘I). If the Sylow o-subgroups of E are conjugate in G to the Sylow o- 
subgroups of F, for each finite set of primes o, then F contains a subgroup 
isomorphic to E. 
Proof Let {E,} be a Sylow generating basis of E and let (F,,) be a 
Sylow basis of F. For each finite set of primes o let 
E, = (E,: p E o), F, = (F,: p E a). 
Then E, E Syl, E and FO E Syl, F since u is a finite set. Let 
/i, = { Isomorphisms a: E, + F, induced by elements 
of G, satisfying a(E,) = Fp for all p E a). 
Then /i, # 0. For, by hypothesis there exists g E G such that Et = F,. Thus 
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v$&7 is a Sylow basis of F,. It follows from Gol’berg [7] that there exists 
h E Fu so that 
Egh=F P P for all p E (I. 
If Agh denotes the inner automorphism of G induced by gh, then clearly 
/I Hlc, E ‘da 
Suppose r is a finite set of primes and u E z. Define a map 19~~: A, --t A, 
by 
If a E A,, then O,,(a) = alEO, the restriction of a to E,. 
Then {A,, 19,~ : ‘0 s r are finite sets of primes} is an inverse system of sets 
and mappings. Unfortunately the sets A, need not be finite so the theorem of 
Kurog [ 131 cannot be used to conclude that & A, non-empty. Instead we 
endow ,4, with a suitable topology, to facilitate the use of a theorem from 
general topology (see Stewart [ 18, Theorem 2.1 I). 
Suppose a, /I E A,. Then there exists x, y E G so that a = IZXIE,, p = A,,jE,. 
Thus p-i o a = IzXY-,IE, and p-i 0 a is a periodic automorphism of the 
Cernikov group E,. Moreover, /?-‘a(E,) = E, so xy-’ E npEo N,JE,,). 
Conversely, if x E npco NG(Ep) and a E A,, then a 0 AxlE, E A,. Let K, = 
(fLEO &~E,wGw~ a Cernikov group by [ 11, l.F.31. Let a E A, be 
fixed. Then the above remarks imply that there is a bijection y,: A, --+ K,. In 
fact, if p E/i,, then p-i 0 a = LxlE, for some x E npoo NG(Ep) so define 
y&I) = xC,(E,). Give K, the coset topology and give A, the topology 
induced by the coset topology via the map JJ; i . Then A (r is compact and T, 
since y; i is a homeomorphism and K, is compact and T,. 
We check that if p is another element of A, then the topology induced on 
A, by K,, using /3 as the fixed element, is the same as the one previously 
obtained. Let ri be the topology induced when a is the fixed element and let 
r2 be the topology induced when /3 is the fixed element of A,. Then there 
exists x E n,,, N&E,) so that a = j3 0 A,(,o. Let (di: i E I} be a r,-closed 
subset of A,. Then, for certain elements xi E n,,JVG(Ep), di = a 0 ;IxilE,. 
Thus 6, = /3 0 AXiX IE,. Since {Ji: i E Z} is r,-closed, the set {xiC,(EV): i E I} is 
closed in K,. Hence the set {x,xC,(E,): i E I} is closed by 14, 2.2(iv)]. 
Hence, by definition, (/I 0 Axi&: i E I} = {ai: i E Z} is a t,-closed set and 
ti c: rz . It follows by symmetry that r, = r2 so the topologies induced on -4, 
are the same. 
Suppose t is a finite set of primes and that (J G r. We show that f3,, is a 
closed continuous map. If Sor: K, + K, is the natural homomorphism, then 
6 OTO~T=~oOeo~. 
By [4, 2.2(iii)], a,, is closed and continuous as a mapping of Cernikov 
groups with coset topologies. Since y,, y, are homeomorphisms, it follows 
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that 13,~ is a closed, continuous mapping. Hence, by [ 18, Theorem 2.11, 
/1=@n,#0. If (a,)E/i, detine/?:E-+Fby: 
If x E E and u is a finite set of primes such that x E E,, then 
p(x) = a,(x) E F, <F. 
It is now easy to see that /3 is a well-defined monomorphism of E into F. 
This completes the proof. 
3.10. COROLLARY. Suppose the hypotheses of Theorem 3.9 hold and 
suppose FE X. Then E and F are isomorphic. 
This follows by taking {Fp} to be a Sylow generating basis of F in the 
above proof. Our result also gives a proof that the basic subgroups of a !& 
group are isomorphic. This has been shown in [ 16, Theorem 1.11. 
3.11. COROLLARY. Suppose G E 3 and F is a saturated 3-formation. If 
H, K are g-projectors of G, then H and K are finitely conjugate. 
We now show that finite conjugacy characterizes the S-projectors, at least 
when 5 is co-Hopfian. 
3.12. LEMMA. Suppose G E 3, iJ is a co-HopJan saturated j-formation 
and E is an B-projector of G. If F is finitely conjugate to E, then F is an 5- 
projector of G. 
Proof. Note first that E r F so FE 5. Suppose H/K E 5, K 4 H < G 
and F < H. Put N, = O,,(G). Then HN,/KN, E 5 and FN,/N, is conjugate 
to EN,/N, since G/N, is a Cernikov group. Hence FNp/N, is an g-projector 
of G/N,, and it follows that 
HN, = FKN, for all primes p. 
It follows from the latter part of the argument in Theorem 3.4 that H = FK 
and the result follows. 
In the case f(p) = 1 for all primes p, 5 = LYI and we shall call the LR- 
projectors the Carter subgroups of G E 3. As usual, these are self- 
normalizing locally nilpotent subgroups. Even though locally nilpotent 3- 
groups are hypercentral [ 11, l.E.51 and hence satisfy the normalizer 
condition, we cannot characterize the Carter subgroups as the self- 
normalizing locally nilpotent subgroups. This is in contrast to the U-group 
situation (see [S, Lemma 5.81). For example, in the example following 
Corollary 2.3, (B, r) is a Carter subgroup but N&Y) = B”. Since B” is not 
isomorphic to (B, y), B” is not a Carter subgroup. 
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4. CONCLUDING REMARKS AND A COUNTEREXAMPLE 
The traditional approach to formation theory is to consider the 5- 
normalizers and derive various cover-avoidance properties of. the g- 
normalizers. In [3] we have shown that one can also obtain the existence of 
&projectors using this method. In particular we have obtained the usual 
cover-avoidance properties of the &normalizers. The &normalizers have 
most of the usual properties that are associated with them and in the case of 
(LN)G-groups the &normalizers and the B-projectors actually coincide 
[ 3,6.1]. We have also obtained a generalization of the complemention result 
of Hartley [ 10, Theorem 11, concerning the case when the s-residual of a 3- 
group is abelian. The proofs of these results are essentially standard. 
The approach using &normalizers produces the same results as exhibited 
here. One reason why we do not obtain better results is because Sylow 
generating bases of subgroups do not always extend. Moreover, in this 
section we give an example showing that one cannot prove local conjugacy 
of projectors basically because locally inner automorphisms of a subgroup 
do not extend to the whole group. That these two problems are connected 
was known to Parker [ 17, Proposition 5.3.111 who showed that if the 
saturated formation 5 contains the class of finite nilpotent groups and G is 
an X-group with finite Sylow p-subgroups for all primes p, then the set of 
generalized &projectors into which some Sylow generating basis of G 
reduces is permuted transitively by the group of locally inner automorphisms 
of G. The following example, constructed by Professor B. Hartley, shows 
that even the Carter subgroups need not be locally conjugate. In fact there 
need be no subgroup of the automorphism group which permutes the Carter 
subgroups transitively. I should like to thank Professor Hartley for giving his 
permission for me to include this example here. 
Let P, , ql, p2, q2,... be an infinite set of distinct odd primes, different form 
3, and with the property that qi = 1 (mod 3p,). This is possible by Dirichlet’s 
theorem on the number of primes in an arithmetic progression. For each i let 
Ai be a group of order qi and Bi a group of order pi. Put A = Dr,, , A i and 
B = Dr,> I Bi. Let y be a fixed point free automorphism of A of order 3. 
Then we can form A ] (B x (7)). 
Also B x (y) has an automorphism /3 of order 2, centralizing B and 
inverting y. Put C = B(y,P). 
Put A * = A @zecy, ZC, the induced module of A and let G = A *C. Thus 
A * g A @ A, as ZB(y)-modules, and it follows that B acts fixed point freely 
on A*, since it acts fixed point freely on A. It is also clear that G is an X- 
group of derived length 3. 
(i) Any Complement to A* in A*(B, /3) is a Carter Subgroup of G 
Consider the group D = A*(B,/?) E (LW)‘. Since N,(v)) = (B,/?) and 
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the other Sylow subgroups of C are normal in C, it follows that (B,P) is a 
basis normalizer, and hence a Carter subgroup, of C. Also any Carter 
subgroup of D is a Carter subgroup of G by Lemma 3.1 and 3.2. Suppose X 
is a complement to A * in D. Then X z (B, p), so is abelian, and hence is 
contained in a basis normalizer of D since the Sylow subgroups of A * are 
normal in D. However, since C,,(B) is trivial, it follows easily that X is a 
basis normalizer of D and since D E (L!JI)2, X is a Carter subgroup of D and 
hence of G. 
(ii) G Has 2K0 Carter Subgroups 
First note that if a E A, then a @ 1 + a @ fi E C,,(,Q), since /I’ = 1 and it 
follows from properties of the tensor product that C,.Q?) cB A. Thus there 
are 2”o complements to A * in D and this proves (ii) since (i) holds. This also 
follows from [3,8.4]. 
(iii) The Complements to A* in G Are Conjugate 
For, it is easily seen that C = N,((y)), since (y) (1 C and y acts fixed 
point freely on A. If X is a complement to A* then XZ C and X contains a 
Sylow 3-subgroup. Hence there exists a E A* so that ya E X. Since 
w> 4 x 
C” = N,(y) > x 
and it follows that X= C”. 
Since C = (B, p)(y), / C: (B, /?)I = 3 and hence C contains precisely three 
subgroups isomorphic to @,/I). Thus each complement has this property. 
Since (B,p) is a Carter subgroup, it follows from this and (ii) that G 
contains Carter subgroups not lying in complements to A*. Since the 
complements to A* are obtained from Sylow bases, there exist Carter 
subgroups into which no Sylow basis reduces. In particular, the Carter 
subgroups of G are not conjugate under Aut G. 
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